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        To excel in this topic, a thorough grasp of the following is essential: 

    ●  The average gradient between two point, gradient at a point and the limit-concept. 

    ●  The Power Rule and the other rules of differentiation. 

    ●  Determining the derivatives of functions using first principles, and from applying the rules. 

    ● The cubic function  𝑦 = 𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑, its factors and other properties such as shape,  

        roots, turning points, point of inflexion and concavity (up or down) . 

   ●  Maxima and minima applications including particle motion. 

 

 

 

 

 

1.1   If 𝑓(𝑥) = 𝑥2 − 3𝑥,  determine  𝑓′(𝑥)  from first principles.   

1.2   Determine: 

1.2.1    
𝑑𝑦

𝑑𝑥
   if  𝑦 =  (𝑥2 −

1

𝑥2)
2

 

1.2.2   𝐷𝑥 [
𝑥3−1

𝑥−1
]   

1.2.3   
𝑑

𝑑𝑡
[(𝑡2 + 1)(𝑡−2 − 1)] 

 

1.2.4   
𝑑

𝑑𝑥
(

𝑑𝑦

𝑑𝑥
)  if  𝑦 = 2𝑥3 − 4𝑥2 + 2𝑥 − 1    

 

1.2.5   
𝑑

𝑑𝜃
  if  ℎ(𝜃) = 𝜃√2 + 𝜃 − 𝜃−√2   

 



2.  The sketch below shows the graph of  ℎ(𝑥) = 𝑥3 − 7𝑥2 + 14𝑥 − 8. The  x-coordinate of the 

     point  A  is  1.  C  is another  x-intercept of  h. 

 

 

2.1   Determine  ℎ′(𝑥). 

2.2   Determine the  x-coordinate the  

        turning point of  B. 

2.3   Calculate the coordinates of  C.   

2.4   The graph of   h  is concave down 

        for  𝑥 < 𝑘. Calculate the value of  k.    

 

 

 

 

 

 

 

 

3.   In the sketch on the right, A(−2; 16) is a point on    

      f (𝑥) = 𝑎𝑥3 + 𝑏𝑥2.  The gradient of the tangent 

      at  A  is −18.  

3.1   Determine  a  and  b. 

3.2   Determine the coordinates of  B  and  C.                               
                                                                                                      
 

 

  

 

 

 

 

 

 

 

 

 

 

4.   Given  ℎ(𝑥) = −𝑥3 + 𝑎𝑥2 + 𝑏𝑥  and  𝑔(𝑥) = −12𝑥.  P  and  Q(2; 10) are the turning points  

      of  h. The graph passes through the origin. 

4.1   Show that  𝑎 = 
3

2
  and  𝑏 = 6. 

4.2   Calculate the average gradient of  h  between P  and  Q  if it is given that  𝑥 = −1  at  P. 

4.3   Show that the concavity changes at  𝑥 = 
1

2
 

4.4   Explain the significance of this change in concavity with respect to the positions of the local  

        minimum and the local maximum of the graph of  h. 

4.5  Determine the value of  x, given that  𝑥 < 0  at which the tangent to  h  is parrallel to  g. 

 



5.   Given:  𝑓(𝑥) = −𝑥3 + 10𝑥2 − 17𝑥 − 28 

5.1   Sketch the graph of   f,  clearly indicating the intercepts with  the axes, the coordinates of the 

        turning points as well as the point of inflexion. 

5.2   Determine the  x-coordinate at which the curve of  f  will have its largest gradient. 

5.3   Determine for which value(s) of  k  will  −𝑥3 + 10𝑥2 − 17𝑥 = 25 + 𝑘  have: 

        5.3.1   only two roots  

        5.3.2   only one root 

5.4   Determine for which values of  x  will  𝑓(𝑥) ≥ 0 

5.5   Determine for which values of  x  will  𝑓′(𝑥) > 0 

 

6.1   Determine  𝑓′(𝑥)  from first principles if  𝑓(𝑥) =  
3

𝑥2
  

6.2   Determine: 

6.2.1    D𝑥 [ 
1

4√𝑥
−

3𝑥

√𝑥3
]    

6.2.2    
𝑑𝑥

𝑑𝑦
  if   𝑦2 =  

𝑥2−2𝑥

4𝑥−8
 

  

 

 

7.   The sketch of the straight line depicted below represents the graph of  𝑔′(𝑥). Use the sketch to  

      answer the following questions: 

 

7.1   What is the gradient of the tangent to the graph  

        of  𝑦 = 𝑔(𝑥) at the point where  𝑥 = 0? 

7.2   For which values of  x  will 𝑔(𝑥) be an increasing function? 

7.3   If it is also given that  𝑔(−1) = 4, use the 

        above information to draw a rough sketch of  g.  

          

 

 

 

 

8.   The function  g  defined by  g(𝑥) = 𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑  has the following properties: 

      ●    𝑔(0) = 32                            ●    𝑔(−2) = 0                             ●   𝑔(4) = 0                                                       

       ●   𝑔′(0) = 0                             ●   𝑔′(4) = 0                              ●   𝑔′(𝑥) > 0   if  𝑥 < 0  or  𝑥 > 4 

       Use the above information to sketch the graph of  g, without solving for  a,  b,  c and  d. 

 

 

 



9.   Given the following information:  

            •  𝑓(𝑥) has exactly one real root                         •  𝑓(4) = 30  and  𝑓(0) = −40 

            •  𝑓′(4) = 0                                                         •  𝑓′′(4) = 0   

9.1   Sketch a possible graph of  𝑓(𝑥), and label two points on the graph.   

9.2   In retrospect, if it was also given that  𝑓(1) = 0, would it have made sketching the graph  

        a lot easier? Explain.   

 

 

 

10.   The function  h  has the following properties:  

        ℎ(1) = −3  and  ℎ(3) = 0. The graph of  its 

        derivative, ℎ′(𝑥), is represented in the diagram  

        on the right. 

 

       Which one of the following figures best  

       represents the function  h. Explain.  

         

 

 

             

 

 

 

 

 

                            Fig. 1                                         Fig. 2                                          Fig. 3 

 

 

11.1   Determine  𝑓′(𝑥)  from first principles if  𝑓(𝑥) = 2𝑥3 

11.2   Determine: 

         11.2.1   lim
𝑡→1

𝑡2+𝑡−2
𝑡−1

  

          11.2.2    lim
𝑥→∞

3−𝑥   

 

 

12.   The graph of  g(𝑥) = 𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑  passes through point  (−2; 0) and the point (2; 4).  

          The  x-axis is a tangent to the graph at  (1; 0) and  𝑔′(0) = 0. 

12.1   Use the information given and draw the graph of  g. 

12.2   Determine the equation of  g. 

12.3   Determine the equation of the tangent to the graph at the point  (2; 4). 

 

 



13.   Given:  𝑓(𝑥) = 𝑥3 − 𝑥2 − 𝑥 − 2 

13.1   Determine the roots and all the stationary points of the function  𝑓(𝑥) and then draw its  

          graph. 

13.2   Use your graph to determine for which values of  x  is  𝑓′(𝑥) ≤ 0. 

13.3   Determine the values of  x  for which  𝑓′(𝑥). 𝑓(𝑥) > 0.     

13.4   Determine for which value(s) of  k  will  𝑥3 − 𝑥2 − 𝑥 = 𝑘  have:  

          13.4.1   one real root  

          13.4.2   two positive real roots  

 

 

14.  In the diagram below, the graphs of 

       𝑓(𝑥) and 𝑔(𝑥) are sketched.   

       ●   𝑔(𝑥) = 𝑥3 − 2𝑥2 + 𝑘𝑥 + 12 

       ●   𝑓(𝑥) = 4𝑥 + 𝑡  is a tangent to  𝑔(𝑥)  

            at point  B(3; 𝑝) and it intersects the 

            graph  g  again at  A.                  

14.1   Determine the coordinates of point A.  

14.2   Determine the equation of a second  

           tangent to the graph of  g, parallel to  f. 

 

 

 

 

15.   The derivative of the function 𝑓(𝑥)  is given as  𝑓′(𝑥) = 6𝑥2 − 6𝑥 − 36. Determine the  

        equation of  𝑓(𝑥)  if it is further given that  𝑓(0) = 37. 

 

 

16.   The sketch of the parabola on the right is the 

        graph of  the derivative of the function  f.        

16.1   For which values of  x  is  f :  

          a)  decreasing?  

          b)  increasing? 

16.2   Give the  x-coordinate the turning point(s) of  f. 

16.3   Classify the stationary point(s) of  𝑦 = 𝑓(𝑥). 

16.4   If  𝑓(𝑥) = 𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥, determine   a,  b  and  c. 

 

 

 



17.   Given the cubic function  𝑝(𝑥) = 𝑥3 − 𝑥2 − 8𝑥 + 12. 

17.1   Prove, using the factor theorem, that  (𝑥 − 2)  is a factor of  𝑝(𝑥). 

17.2   Hence, factorise  𝑝(𝑥)  completely. 

17.3   Determine the stationary point(s) of  𝑝(𝑥), classifying each point with a supporting reason. 

 

 

 

18.   The equation of a graph is given as  𝑦 = 2𝑥3 − 5𝑥2 + 4. 

18.1   Determine the graph’s  x-intercept(s). 

18.2   Determine the graph’s  stationary point(s), classifying each point with a supporting reason.  

18.3   Calculate the angle of inclination of the tangent to the graph at the point where  𝑥 = 2. 

 

 

19.   The length of a wire 200 meters long, is cut into two pieces. One piece is used to form an  

         equilateral triangle  x  units in length. The other piece is used to form a square. 

19.1   Show that the sides of the square are  50 −
3

4
𝑥  units in length. 

19.2   Determine the area of the square in terms of  x. 

19.3   Determine the value of  x  so that the area of the square is a maximum. 

 

 

20.   The formula  P = 10𝑣 −  
𝑣2

10
    gives the profit  P, in cents per hour, that a taxi owner makes   

        when travelling fixed distances at an average speed of  v  km/h.   

          Determine: 

20.1   the speed which will give rise to a maximum profit. 

20.2   the maximum profit. 

20.3   the value(s) of  v  which will give rise (or lead) to a loss.    

 

 

 

21.   An object is projected vertically upwards and its motion  is described by the formula 

        𝑆 = 112𝑡 − 16𝑡2, where  S = distance, in metres, from its starting position, and  t  = the time 

        taken, measured in seconds. 

21.1   Determine its initial velocity. 

21.2   Determine its velocity after 3 seconds. 

21.3   What is the maximum height that it can reach? 

21.3   After how many seconds will it be more than  96 meters above the ground?    

 

 

22.   A cylinder is made in such a way that the sum of its diameter and its height equal  8 metres. 

          Show that if the cylinder is to have a maximum volume, then its height and radius will be of  

          equal length. 

 



 

23.   The equation of the parabola in the diagram is 

         𝑦 = −2𝑥2 + 24. ABCD is a rectangle drawn 

         within the parabola and in such a way that the  

         two uppermost vertices  A  and  D  lie on the  

         curve of the parabola and || with the  x-axis. 

         The other two,  B  and  C, lie on the  x-axis. The  

         sketch shows two of the almost infinite number 

         of shapes and positions that the rectangle can have.  

         Determine: 

23.1   the coordinates of  B  and  D, given that the coordinates of C are  (𝑥, 0). 

23.2   BC  and  CD  in terms of  x.    

23.3   The area of rectangle  ABCD in terms of  x.  

23.4   the area of the largest rectangle that can be drawn within the parabola. 

 

 

 

24.   The equation of  ED  is  𝑥 + 𝑦 = 12, 𝑥 > 0, 𝑦 > 0  

        and  P(𝑥; 𝑦) is any point on ED,  e.g. P′(𝑥; 𝑦) as 

        shown in the sketch. L is the point  (0; 8)  and   

         PW⏊OD. 

 24.1   Determine the coordinates of  P  so that the shaded  

          trapezium  PLOW  has a maximum surface area. 

24.2   Write down the maximum area of trapezium PLOW. 

 

 

 

 

25.   A scientist adds a bactericide to a culture of bacteria. The number of bacteria present in the 

        culture after  t  hours after the bactericide was introduced is given by the formula: 

        𝐵(𝑡) = 1000 + 50𝑡 − 5𝑡2, where  𝐵(𝑡) is the number of bacteria, in millions. 

25.1   How many bacteria were in the culture when the bactericide was introduced? 

25.2   Calculate the rate of change in the number of bacteria with respect to time three hours after 

          the bactericide was added. 

25.3   When does the population of bacteria start to decrease? 

25.4   When will the whole culture be exterminated?  

 

 

 

26.  The acceleration of a particle is given by  𝑎 = 3𝑡 + 2. It starts at the origin with a velocity of 5.   

26.1   Determine the velocity of the particle at  𝑡 = 2. 

26.2   Determine the displacement of the particle at  𝑡 = 2. 

 



 

27.   Assuming that the average mass of baby panda’s in their first 30 days 

        of life is given by the equation  𝑚(𝑡) =  
𝑡3

45000
−

𝑡2

4500
 + 4,5 ; 0 < 𝑡 < 30, 

        where  t  is the time in days,  m  is the mass in kilograms. 

27.1   What is the average baby panda’s mass at birth according to this scale? 

27.2   When does the baby panda’s mass reach a minimum? 

27.3   After how many days should the baby panda regain the mass lost since birth?   

 

 

28.   Researchers at ‘& Beyond’ claim that if sound conservation 

        principles are practised, the number of one of our endangered 

        wildlife bird specie whose existence is hanging in the balance  

        and is in danger of becoming extinct, would be reversed, in  

        accordance to the equation:  𝑛(𝑡) =  20𝑡2 − 200𝑡 + 500, 

        where  𝑛(𝑡) is the number of birds and  t  is the time in years. 

28.1   Determine the bird numbers at present. 

28.2   How long would it take for them to become extinct, assuming we ignore the researchers  

          advice and recommendations? 

28.3   Assuming we do follow their advice, how many birds would there be in 5 years time?       

28.4   Approximately how long − according to the equation − will it take for the bird  

          population to double its present numbers? 

 

 

29.   A canon fires a missile into the air from the  

        top of a vertical cliff, 200 metres above sea  

        level. The height of the missile is given by 

        the equation  S(𝑡) = 200 + 180𝑡 − 4,5𝑡2   

        where S is measured in metres and  t  in  

        seconds. 

29.1   What is the missile’s initial velocity?  

29.2   a)  How long does it take the missile to                                                                                       

               reach its maximum height?                                                                           

          b)  What is the maximum height? 

29.3   a)  How long will the missile be in the air? 

          b)  What is its velocity when it hits the sea 

                or strikes its target on the water? 

29.4   Draw a rough sketch of the graph of  S(t) and indicate clearly the intercepts with the axes and 

          the coordinates of its turning point. 

 

 



30.   The relationship between the vertical displacement (y) in km and the horizontal displacement   

        (x) in km of a projectile which is launched is  𝑦 = 8𝑥 sin 300 − 𝑥2. tan 450. 

        Calculate: 

30.1   the maximum height the projectile can reach. 

30.2   the horizontal displacement the projectile has undergone the moment it strikes the earth. 

30.3   the size of the angle at which the projectile is launched. 

 

 

31.   A reservoir with an inlet from a dam higher 

        up in the mountains is used to supply water  

        to a city through an outlet that is connected to               DAM 

        the city’s water supply system. The equation 

        D(𝑡) = 80 + 
1

2
𝑡2 −

1

4
𝑡3 gives the depth of 

        water in the reservoir, in meters, and  t  is the 

        time in hours that has elapsed  since 9h00.                                                                    RESERVOIR 

31.1   What is the depth of the water in the reservoir 

          at 11h00?       

31.2   At what rate does the depth of the water change 

          at 12h00? 

31.3   At what time will the inflow of the water be the same as the outflow?   

 

 

32.   The diagram shows the graph of  𝑓(𝑥) as                                                            

         a broken line and the graph of a related  

         function  𝑔(𝑥) as a solid line.                                                        

32.1   Which of the following is the equation of                                      

          the related function  𝑔(𝑥)?  Explain.   
                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                

                A.   𝑦 = 𝑓(𝑥 − 1) + 2                                                            

             B.   𝑦 = 𝑓(𝑥 + 1) − 2  

             C.   𝑦 = 𝑓(𝑥) + 2                                                                                                                                                                                                                                                                              

             D.  𝑦 = 𝑓(𝑥) − 2  

32.2    At the point  E(−1; 0),   𝑓′′(𝑥) = 0. Write down 

           the values of  x for which  𝑔′′(𝑥) > 0. 

 

 

33.   A soft-drink manufacturer wishes to market his product in cylindrical cans. Determine the  

        dimensions of a can if each can is to have a volume of  330 cm3 and a minimum surface area. 

 

 

 

 



34.   The diagram shows the plan for a verandah which is to be built on the corner of a cottage.   

        A railing  ABCDE  is to be constructed around the four edges of the verandah. 

  

                                      

               If  AB = DE = x  and  BC = CD = y  

         and the total length of the railing must 

         be  30 m, find the values of  x  and  y                                      Verandah 

         for which the verandah will have a  

         maximum area. 

 

                                                                                                                                       Cottage 

 

 

 

 

 

35.   Represented below in the figures  a, b, c  and  d are the graphs of four functions. The graphs of  

        the derivatives of three of these functions plus an “outsider” are depicted  in scrambled order in  

        the figures  i, ii, iii and  iv.  Which graph of a function and the graph of its derivative is the odd  

        one out, and is therefore incorrectly paired? 

 

 

 

     a                                    b                                  c                                  d 

 

  

 

               

           i                                           ii                                        iii                                      iv 

 

 

 

 

 

 

 

 



36.   The table below shows some values of the first and second derivative of a continuous 

        function 𝑓(𝑥).  Use the table to answer the following questions: 

 

 

 

 

 

 

 

 

      Determine the following: 

      a)   lim
𝑥→2

𝑓(𝑥)  

      b)   𝑓−1(3)  

      c)   Is the graph of  𝑓(𝑥)  concave up or concave down when  𝑥 = 2? 

      d)   Find the equation of the tangent to 𝑓(𝑥) at the point where 𝑥 = 1.    

 

  

37.      

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

OOOOOOOOOOOOOO   END OF QUESTIONS ON DIFFERENTIAL CALCULUS   OOOOOOOOOOOOOO 


